While two-dimensional symmetry-enriched topological phases (SETs) have been studied intensively and systematically, three-dimensional ones are still open issues. We propose an algorithmic approach of imposing global symmetry Gs on gauge theories (denoted by GT) with gauge group Gg. The resulting symmetric gauge theories are dubbed "symmetry-enriched gauge theories" (SEG), which may be served as low-energy effective theories of three-dimensional symmetric topological quantum spin liquids. We focus on SEGs with gauge group Gg = ZN 1 × ZN 2 × · · · and on-site unitary symmetry group Gs = ZK 1 × ZK 2 × · · · or Gs = U(1) × ZK 1 × · · · . Each SEG(Gg, Gs) is described in the path integral formalism associated with certain symmetry assignment. From the path-integral expression, we propose how to physically diagnose the ground state properties (i.e., SET orders) of SEGs in experiments of charge-loop braidings (patterns of symmetry fractionalization) and the mixed multi-loop braidings among deconfined loop excitations and confined symmetry fluxes. From these symmetry-enriched properties, one can obtain the map from SEGs to SETs. By giving full dynamics to background gauge fields, SEGs may be eventually promoted to a set of new gauge theories (denoted by GT * ). Based on their gauge groups, GT * s may be further regrouped into different classes each of which is labeled by a gauge group G * g . Finally, a web of gauge theories involving GT, SEG, SET and GT * is achieved. We demonstrate the above symmetry-enrichment physics and the web of gauge theories through many concrete examples.
I. INTRODUCTION
Recently, the field of gapped phases with symmetry has been drawing a lot of attentions in condensed matter physics. There are two kinds of symmetric gapped phases: symmetry-protected topological phases (SPT) and symmetry-enriched topological phases (SET). SPT phases are short-range entangled [1] with a global symmetry and have been studied intensively in stronglycorrelated bosonic systems . Much progress has also been made in two-dimensional (2D) SETs [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] , which are partially driven by tremendous efforts in quantum spin liquids (QSL) [36, 48] that respect a certain global symmetry (e.g., spatial reflection, time-reversal, Ising Z 2 , U(1) and SU(2) spin rotations, etc.). In contrast to SPTs, SETs are long-range entangled [1] and support emergent excitations, such as anyons in 2D systems. Furthermore, quantum numbers carried by emergent excitations may be fractionalized. Experimentally, it is of interest to detect patterns of such symmetry fractionalization, which may help us characterize QSLs [48] . In addition to the usual global symmetry, there are also SETs enriched by a new kind of symmetry dubbed "topological (anyonic)" symmetry [43, [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] . This symmetry denotes an automorphism of the topological data (braiding statistics, quantum dimensions, etc.). A typical example is that Z 2 topological order in two dimensions is invariant under e-m exchange operation, namely, an electricmagnetic duality in discrete gauge theories [49, 50] . * Corresponding author: yphysics@illinois.edu Despite much success in 2D SETs, three-dimensional (3D) SET physics, especially the underlying general framework, is still poorly understood so far, partially due to the presence of spatially extended loop excitations [61] . In physical literatures, some attempts have been made, including 3D U(1) QSLs and Z 2 QSLs with symmetry, e.g., in Ref. [62] [63] [64] [65] . Field theories of 3D SETs with either time-reversal or 180
• spin rotation about yaxis were studied where the dynamical axion electromagnetic action term is considered [18, 66] . The boundary anomaly of some 3D SETs was viewed as 2D anomalous SETs with anyonic symmetry [67] . In Ref. [68, 69] , a dimension reduction point of view was proposed to demonstrate how symmetry is fractionalized on loop excitations. In Ref. [70] , the notion of "2D anyonic symmetry" was generalized to 3D "charge-loop excitation symmetry" (Charles) which is a permutation operation among particle excitations and among loop excitations. As typical examples of 3D SETs with U(1) and time-reversal, fractional topological insulators were constructed via a parton construction with gauge confinement [70] .
In this paper, we study 3D SETs with Abelian topological orders [71] that are encoded by deconfined discrete Abelian gauge theories [72] . We focus on discrete Abelian gauge group G g = Z N1 × Z N2 × · · · and on-site unitary Abelian symmetry group G s = Z K1 × Z K2 × · · · or G s = U(1) × Z K1 × · · · . Physically, these 3D SETs can be viewed as 3D gapped QSLs that are enriched by unbroken on-site symmetry G s . Given a gauge group G g , there are usually many topologically distinct gauge theories (denoted by GT) including one untwisted and several twisted ones [23, 73] , as shown in Fig. 1 . After imposing global symmetry group, the resulting gauge field theory is called "symmetry-enriched gauge theory" (SEG). Quantitatively, an SEG is defined through two key ingredients:
1. an action that consists of topological terms (of oneform or two-form Abelian gauge fields) only;
2. symmetry assignment via a specific minimal coupling to background gauge fields (denoted by {A i } with i = 1, 2, · · · , where A i externally imposes symmetry fluxes in Z Ki symmetry subgroup).
We also stress that an anomaly-free SEG must simultaneously satisfy the following two stringent conditions [74]:
1. global symmetry is preserved; 2. gauge invariance is guaranteed on a closed spacetime manifold.
We use the notation SEG(G g , G s ) to denote such an SEG.
Then we try to provide answers to the following questions:
What is the path-integral formalism of an SEG?
And what is the "parent" GT of each SEG?
2. What is the relation between SEG and SET? How can we probe symmetry-enriched properties in experiments?
3. What is the resulting new gauge theory (denoted by GT * ) after giving full dynamics [75] to {A i }?
To answer the first question is nothing but to look for anomaly-free SEGs that meet the above definition and conditions. Following the 5-step general procedure (Sec. II C), the path-integral formalism of each SEG can be constructed, which is efficient for the practical purpose. Each SEG can be identified as a descendant of some GT (i.e., "parent"). Many concrete examples, including the simplest case SEG(Z 2 , Z 2 ), are calculated explicitly in this paper. The method we will provide is doable for more general cases, some of which are collected in Appendix.
In the second question, a complete description of an SET order requires the information of both topological orders and symmetry enrichment. In this sense, the total number of SEGs is generically larger than that of distinct SET orders. For example, two anomaly-free SEGs, may possibly give rise to the same SET order. If two SEGs have the same topological order, a practical way to probe symmetry enrichment is to insert symmetry fluxes into the 3D bulk and perform Aharonov-Bohm experiments between symmetry fluxes (flux loop formed by A i ) and bosons that are charged in the symmetry group. In addition, one should also perform the mixed version of threeloop braiding experiment [26, 76] among symmetry fluxes and gauge fluxes (i.e., loop excitations). Through these thought experiments, one may find the relations between different SEGs. If two SEGs share the same bulk topological order data as well the same symmetry-enriched G g ….
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FIG. 1. (Color online)
Schematic representation of a web of gauge theories with global symmetry. We start with a discrete gauge group Gg that generates several topologically distinct gauge theories (GTs) one of which is untwisted. We then assign symmetry charge of symmetry group Gs to topological currents of gauge theories through coupling to background gauge fields. There are usually many different ways of symmetry assignment, each of which is represented by a colored arrow. Within each specific symmetry assignment, we obtain many SEGs. For example, SEG1, SEG2, and SEG3 belong to the same symmetry assignment (marked by magenta arrows) in GT1. It is generically possible that some of symmetry assignment do not provide SEG descendants for GT, which we mark as "N/A". To identify SETs, we need to further study ground state properties of SEGs. We may externally insert symmetry fluxes into the system and perform Aharonov-Bohm experiments and the mixed version of three-loop braiding experiments. Two SEGs (e.g., SEG3 and SEG4) may possibly describe the same SET phase. Further, by giving full dynamics to the background gauge fields, the resulting new gauge theories (denoted by GT * ) are generated. Since basis transformations are allowed, there should be in general many-to-one correspondence between SEGs and GT * s. Finally, all GT * s may be regrouped via identifying their gauge groups (denoted by G properties, they belong to the same SET ordered phase. Otherwise, they belong to two different SET phases (see Fig. 1 ).
For the third question, we note that in the action of an SEG, {A I } is a set of non-dynamical background gauge fields. Symmetry fluxes formed by them are confined loop objects that are externally imposed into the bulk. These loop objects are fundamentally different from the gauge fluxes that are deconfined bulk loop excitations. Therefore, the usual basis transformations (mathematically represented by unimodular matrices of a general linear group) on gauge field variables are strictly prohibited [8] if the transformations mix gauge fluxes and symmetry fluxes. However, if we give full dynamics to {A I } [75], then, the action actually represents a new gauge theory (denoted by GT * ) and does not describe a SEG any more.
In GT * s, symmetry fluxes are legitimate deconfined bulk loop excitations and arbitrary basis transformations are allowed. As a result, it is possible that the actions of two SEGs may be rigorously mapped to each other via basis transformations, both of which lead to the same GT * . This set of gauge theories "GT * 1 , GT * 2 , · · · " may be further regrouped by identifying their gauge groups (denoted by G * g1 , G * g2 , · · · ). Finally, a web of gauge theories is obtained, as schematically shown in Fig. 1 .
The remainder of the paper is organized as follows. Sec. II is devoted to general discussions on GTs, topological interactions and global symmetry. Especially, in Sec. II C, the 5-step general procedure is introduced in detail. Some calculation details in Sec. II D,II E,II F will be useful for quantitatively understanding the remaining sections, especially, Sec. III. For readers who are only interested in the final results, these details may be either skipped or gone through quickly. In Sec. III, many simple examples are studied in details, including
In Sec. IV, physical characterization of SEGs is studied, including symmetry fractionalization and mixed threeloop braiding statistics among gauge fluxes and symmetry fluxes. In this way, we may achieve the map from SEG to SET as schematically shown in Fig. 1 . Simple examples are given, including SEG(Z 2 , Z K ) with K ∈ Z even and K ∈ Z odd . In Sec. V, full dynamics is given to the background gauge field, which promotes SEGs to GT * s. Again, the discussions are followed by some simple examples including SEG(Z 2 , Z 2 ), SEG(Z 2 , Z 3 ) and SEG(Z 2 × Z 2 , Z 2 ). Summary and outlook are made in Sec. VI. More technical details and concrete examples are collected in Appendix.
II. GAUGE THEORIES, TOPOLOGICAL INTERACTIONS, AND GLOBAL SYMMETRY
A. Inter-"layer" topological interactions and addition of "trivial" layers
In the continuum limit, gauge theories with discrete gauge groups can be written in terms of the following multi-component topological BF term [77] :
where {b I } and {a I } are two sets of 2-form and 1-form U(1) gauge fields respectively. I = 1, 2, · · · , n. Λ IJ is some n × n integer matrix, which may not be symmetric but the determinant of Λ must be nonzero: DetΛ = 0 [78] . In comparison to Horowitz's action term [77], here we do not consider
is the 4D closed spacetime (with imaginary time) manifold where our topological phases are defined. In the following, the notation M 4 will be neglected from the action for the sake of simplicity. . Each "layer" denotes a 3D system. It should be noted that all layers are stacked together in the same 3D spatial region although they are not so in this figure. GT before imposing symmetry resides in type-I layers. Type-II layers are described by level-1 BF terms before imposing symmetry. By "trivial", we mean that these layers do not carry gauge groups. The dashed curves represent topological interactions between layers. Actually, three-layer and four-layer topological interactions should also be considered.
There are two independent general linear transformations represented by two unimodular matrices W, Ω ∈ GL(n, Z) that "rotate" loop lattice and charge lattice respectively. Therefore, Λ can always be sent into its canonical form via:
where {N I } are a set of positive integers. The superscript "T " denotes "transpose". It is in sharp contrast to the multi-component Chern-Simons theory [71] where W = Ω and the above diagonalized basis usually doesn't exist. In the remaining parts of this paper, we work in this new basis unless otherwise specified. In this new basis, each I labels a "layer system" as schematically shown in the "type-I layers" in Fig. 2 (N. B., the word "layer" actually denotes a 3D spatial region). N I is the level of the BF term in the I-th layer. {b I } and {a I }, as two sets of gauge fields, are subject to the following Dirac quantization conditions:
where M 3 and M 2 denote 3D and 2D closed manifolds embedded in M 4 respectively. These two equations will play important roles in the following discussions.
The BF term in the canonical form is a field theory of untwisted G g = Z N1 ×Z N2 ×· · ·×Z Nn gauge theory where layers are decoupled to each other. However, there are topological interactions that can couple them together:
where {q IJK } and {t IJKL } are two sets of coefficients. These newly introduced action terms are topological since their expressions are wedge products of differential forms. Recently a lot of progress has been made based on these topological terms in gauge theories as well as SPT phases [13, 23, [79] [80] [81] . The presence of interlayer topological interactions leads to twisted G g gauge theories. Since these new topological terms are explicitly not gauge invariant (even in a closed manifold) alone, the definitions of usual gauge transformations on {b I } must be properly modified [to appear in Eq. (10)]. To be a legitimate GT action, {q IJK } and {t IJKL } are expected to be quantized and compact (i.e., periodic), which eventually leads to finite number of distinct GTs before global symmetry is imposed. All of them are classified by the fourth group cohomology with U(1) coefficient:
In addition, one may always add arbitrary number of "trivial layers" into the action S in Eq. (5):
These trivial layers do not introduce additional gauge structures. However, as we will see, adding trivial layers will be very useful and sometimes necessary when global symmetry G s is imposed.
B. Symmetry assignment
Now, let us consider how to impose global symmetry group G s = Z K1 × Z K2 × · · · × Z Km . In topological quantum field theory, there is a 1-form topological current J I for each I: * J I = 1 2π db I , where * denotes the Hodge dual operation. It is conserved automatically since d 2 = 0. The fact that the total particle number is integral is nicely guaranteed by Dirac quantization condition (3) . Therefore, a natural definition of global symmetry is to enforce that the symmetry charge is carried by this topological current. This is the so-called hydrodynamical approach that was applied successfully in the fractional quantum Hall effect with the multi-component ChernSimons theory description [71] . This is also a key step of the topological quantum field theory description of SPTs [13] .
In order to identify global symmetry, a background gauge field A i is turned on. Mathematically, a minimal coupling term between background gauge fields and topological currents is introduced into the action (6):
Ii is an n × m integer matrix. By noting that the total symmetry group G s = Z K1 ×Z K2 ×· · · , the background 1-form U(1) gauge field A i is subject to the following constraints:
where M 1 denotes a closed spacetime loop. As mentioned in Sec. II A, trivial layers in Eq. (6) may be taken into consideration once symmetry is imposed. Therefore, the index I in S sym. is allowed to be larger than n. Once the topological current carries symmetry charge, a new set of stringent constraints on the coefficients {q IJK } and {t IJKL } will be imposed such that global symmetry is compatible with gauge invariance principle, the quantization and periodicity of {q IJK } and {t IJKL } may be changed dramatically after global symmetry is imposed. It means that, one GT may generate many distinct SEG descendants after symmetry is imposed, which manifestly shows patterns of symmetry enrichment (see Fig. 1 ). If symmetry is not imposed, those distinct SEGs become indistinguishable and reduce back to the same parent GT.
C. Summary of the 5-step general procedure
Based on the preparation done in Sec. II A and II B, in this part, we summarize the general procedure for obtaining SEGs and connecting them to their parent GTs. There are five main steps.
Step-1 . Add trivial layers (i.e., type-II in Fig. 2 ). Mathematically, trivial layers are described by Eq. (6).
Step-2 . Assign symmetry via the minimal coupling terms (∼ J ∧ * A). Symmetry assignment can be either made purely inside type-I or purely inside type-II or both [82] .
Step-3 . Add all possible topological interactions among layers via the topological terms with coefficients {q IJK } and {t IJKL } in Eq. (5) and the indices I, J, K, · · · are extended to all layers including trivial layers. In Fig. 2 , only two-layer interactions (denoted by dashed lines) are drawn for simplicity. However, generic threelayer and four-layer interactions should also be taken into considerations.
Step-4 . Consider all consistent conditions and determine the quantization and periodicity of coefficients of topological interactions. These consistent conditions are (i) Dirac quantization conditions; (ii) "small" gauge transformations; (iii) "large" gauge transformations; (iv) shift operation of coefficients that leads to coefficient periodicity; (v). total symmetry charge for Z Ki subgroup is conserved mod K i . Once the above four steps are done, the path-integral expressions and symmetry assignment for SEGs are obtained. Definitions and quantitative studies of these consistent conditions will be provided in Sec. II D,II E,II F, and Appendix A.
Step-5 . Regroup all SEGs obtained above into distinct GTs in Fig. 1 . For example, in Fig. 1 , SEG 1,··· ,5 are SEG descendants of GT 1 , while, SEG 6 is a SEG descendant of GT 2 . If gauge group is G g = Z N that will be calculated in Sec. III A, this step can be skipped for the reason that there is only one Z N GT, i.e., the untwisted GT. If gauge group contains more than one Z N s, e.g., G g = Z N1 ×Z N2 , usually gauge theories have twisted versions. Under the circumstances, the role of Step-5 becomes critical. We will discuss pertinent details in Sec. III B.
D. General calculation on Gg = ZN 1 × ZN 2 with no symmetry
In the following, we present some useful calculation details on gauge theories with G g = Z N1 × Z N2 and demonstrate, especially, what the consistent conditions listed in Step-4 of Sec. II C are, at quantitative level. Several mathematical notations are introduced and will be frequently used in the remaining parts of this paper. All other calculation details are present in Appendix A.
Consider the following two-layer BF theories with inter-layer topological couplings in the form of "aada": 
where
It is clear that the usual gauge transformations of b I [77] are modified through adding a q-dependent term in Eq. (10) . As usual, the gauge parameters χ I and V I satisfy the following conditions:
Once the integers on the r.h.s. are nonzero, the associated gauge transformations are said to be "large". Let us investigate the integral 1 2π´M 3 db I . Under the above modified gauge transformations (10) , the integral will be changed by the amount below (for
where , ∈ Z, and, the Dirac quantization condition (4) and gauge parameter condition (11) are applied. In order to be consistent with the Dirac quantization condition (3), the change amount must be integral, namely, q must be divisible by N 1 . Similarly, q is also divisible by N 2 due to:
where , ∈ Z. Hence, q = kN1N2 N12 , k ∈ Z, where the symbol "N 12 " denotes the greatest common divisor of N 1 and N 2 .
Below, we will show that k has a periodicity N 12 and thereby q is compactified: q ∼ q + N 1 N 2 . Let us consider the following redundancy due to shift operations:
Under the above shift operation, the total action (8) is invariant. Again, in order to be consistent with Dirac quantization (3), the change amount of the integral
should be integral, namely:
We may apply the Dirac quantization condition (4) and the quantized Wilson loop
2π´M 1 a I ∈ Z that is obtained via equations of motion of b I . As a result, two constraints are achieved:K 1 /N 12 ∈ Z,K 2 /N 12 ∈ Z. By using Bezout's lemma, the minimal periodicity of k is given by the greatest common divisor (GCD) of N 12 and N 12 , which is still N 12 . As a result, we obtain the conditions on q if symmetry is not taken into consideration.
Similarly, forq 4π 2 a 2 ∧a 1 ∧da 1 term, we also have the same quantization and the same periodicity:
In conclusion, we have (Z N12 ) 2 different kinds of gauge theories with
To impose the symmetry, we add the following coupling term into S in Eq. (8) (again, we considerq = 0 only):
where A i is subject to the constraints in Eq (7). This coupling term simply means that the first layer carries Z K1 symmetry while the second layer carries Z K2 symmetry. The total symmetry group
Our goal is to determine all legitimate values of q in the presence of global symmetry. And we expect that the period of q is in general larger than the original gauge theory with no symmetry, which leads to a set of SEGs. The key observation is that the change amounts of the integral 1 2π´M 3 db I in both gauge transformations and shift operations should not only be integral [in order to be consistent with the Dirac quantization condition (3)] but also be multiple of K i such that the coupling term (21) is gauge invariant modular 2π. Physically, it can be understood via the definition of the integral. This integral is nothing but the total symmetry charge of the associated symmetry group. Since the total symmetry charge of Z Ki is allowed to be changed by K i while still respecting symmetry. This is a peculiar feature of cyclic symmetry group, compared to U(1) symmetry.
More quantitatively, with symmetry taken into account, from Eqs. (12, 13), we may obtain the quantization of q: q = kN1N2K1K2 GCD(N1K1,N2K2) with k ∈ Z such that the change amounts are multiple of K i . Then, with these new quantized values, the shift operations (14, 15 ) are changed to:
The change amounts should be quantized at K 1 in Eq. (22) and K 2 in Eq. (23), respectively, such that symmetry is kept. We may apply the Dirac quantization condition (4) and the quantized Wilson loop
I ∈ Z that is obtained via equations of motion of b I in the presence of A I background. As a result, two necessary and sufficient constraints are achieved:
By using Bezout's lemma, the minimal periodicity of k is given by GCD of GCD(
. Therefore, once symmetry is imposed, q is changed from Eq. (19) to:
which gives GCD(
In other words, the allowed values of q are enriched by symmetry. Forq term, the conditions are completely the same as q, which leads to another GCD(
In short, before imposing symmetry, according to Eqs. (19, 20) , there are (N 12 )
2 distinct GTs with gauge
2 distinct SEGs if the symmetry assignment is given by Eq. (21) . Likewise, one can consider that Z K1 and Z K2 symmetry charges are carried by the second layer and the first layer respectively, i.e., Eq. (21) is changed to:
Then, there will be [GCD(
In the following, we alter the definition of symmetry assignment and still consider a 1 a 2 da 2 first. The coupling term in Eq. (21) is now changed to:
which means that both Z N1 and Z N2 symmetry charges are carried by the first layer. We will show that (LCM stands for "least common multiple"):
meaning that the total number of SEGs are
if (i) both symmetry charges are carried by the first layer shown in Eq. (27) and (ii) a 1 a 2 da 2 is considered (i.e.,q = 0). As a side note, by exchanging 1 ↔ 2, the above result directly implies that the total number of SEGs are
if (i) both symmetry charges are carried by the second
Let us present several key steps towards Eq. (28) below. The change amount in Eq. (12) should be divisible simultaneously by K 1 and K 2 such that symmetry is kept. Meanwhile, the change amount in Eq. (13) should be integral in order to be consistent with Dirac quantization condition (3). Therefore, q should be quantized as:
Then, with these new quantized values, the shift operations (14, 15) are changed to:
Again, the change amount in Eq. (30) 
where Eq. (7) and Bezout's lemma are applied. The Wilson loop of a 2 may be obtained via equation of motion of b 2 :
With this preparation, we may calculate the change amounts in Eqs. (30, 31) and obtain the conditions oñ
Therefore, by using Bezout's lemma, the minimal periodicity of k can be fixed and k is thus compactified:
.
Following the similar procedure, we may obtain the results for the remaining two cases: (i). a 2 a 1 da 1 (labeled byq) and both symmetry charges are in the first layer; (ii). a 1 a 2 da 2 (labeled by q) and both symmetry charges are in the second layer. For (a),q is given by:
For (b), q is given by:
III. TYPICAL EXAMPLES OF SYMMETRY-ENRICHED GAUGE THEORIES
In this section, through a few concrete examples, we apply the general procedure shown in Sec. II C and construct SEGs that satisfy the definition and conditions listed in Sec. I. Useful technical details are present in Sec. II D,II E,II F and Appendix A. More examples are collected in Appendix B.
A.
SEG(Z2, ZK )
We begin with G g = Z N and G s = Z K . The common features of this class are that: (i) there is only one gauge theory before imposing global symmetry; (ii) there are two complementary choices of symmetry assignment [82], namely, Z K is either in the first layer or in the second layer (trivial layer). More concretely, before imposing global symmetry, there is only one Z N gauge theory since all additional topological terms like aada, aaaa vanish identically. Despite that, we still formally explicitly add a 1 a 2 da 2 and a 2 a 1 da 1 in all tables in order to see whether or not these topological terms will eventually have chance to be nonvanishing after symmetry is taken into consideration. Since we only have one cyclic symmetry subgroup, i.e., G s = Z K , inclusion of two layers (the second one is a trivial layer in a sense that the level of b 2 da 2 term is 1) is enough in the current simple cases. We choose N = K = 2 which was studied thoroughly in Ref. [69] via a completely different approach. The results are collected in Tables I and II (K = 2 ). In Table I, the symmetry charge is carried by the first layer. 
Before imposing symmetry, we find that both q andq are 0 mod 2, indicating that topological interactions between layers are irrelevant. Mathematically, this conclusion can be achieved from Eqs. (19, 20) by simply setting N 1 = 2, N 2 = 1. Physically, it means that there is only one Z 2 GT which is described by the BF term with level-2: i 2 2π´b ∧ da. After symmetry is imposed, both q and q are 0 mod 4. This conclusion can be easily obtained by setting
Physically, after imposing symmetry, for each topological interaction, there is still only one choice of the coefficient but which is always connected to zero via a periodic shift. As a result, the total number of SEGs from this table is just one although the periodicity of both q andq is enhanced by symmetry.
In Table II (K = 2), the symmetry charge is carried by the second layer that is a trivial layer. In this case, we find that there are 2 distinct choices for both q and q: either 0 mod 4 or 2 mod 4. Quantitatively, this result can be obtained by simply setting N 1 = 2, N 2 = 1, K 1 = 1, K 2 = 2 in Eqs. (24, 25) . As a result, there are in total 2 2 SEGs from this table. Among them, the SEG with q =q = 2 mod 4 can be simply regarded as stacking of symmetry enrichments from (q,q)=(2 mod 4, 0 mod 4) and (q,q)=(0 mod 4, 2 mod 4). In other words, both a 1 a 2 da 2 and a 2 a 1 da 1 topological interactions are present in this SEG.
In summary, there are 1 + 2 2 = 5 SEGs with G g = Z 2 and G s = Z 2 . One of them, labeled by (2, 2) in Table  II can be regarded as stacking of symmetry enrichment patterns of (0, 2) and (2, 0). For generic even K in Tables  I and II , there are in total five SEGs, just like K = 2 case. For odd K, there are two SEGs only. One is from Table  I where symmetry group is in the same layer as gauge group. The other one is from Table II where gauge group and symmetry group are in different layers.
The calculation in Sec. III A only involves one gauge group. Therefore, before imposing symmetry group, there is only one gauge theory, i.e., the untwisted one. In the following, we calculate SEGs with G g = Z 2 × Z 2 and G s = Z 2 . Before imposing symmetry, there are already four topologically distinct GTs labeled by (q,q) = (0 mod 4, 0 mod 4), (0 mod 4, 2 mod 4), (2 mod 4, 0 mod 4), and (2 mod 4, 2 mod 4), which can be derived from Eqs. (19, 20) by setting N 1 = N 2 = 2. Under this circumstances, Step-5 in Sec. II C cannot be skipped. All SEGs are listed in Table III , where three different ways of symmetry assignment are considered.
Taking the first symmetry assignment (Z 2 symmetry is assigned to the first layer, see the first subtable of Table III) as an example, there are two choices of q after symmetry is imposed: either 0 mod 8 or 4 mod 8. This result can be easily obtained by setting N 1 = 2, K 1 = 2, N 2 = 2, K 2 = 1 in Eq. (24) . Similarly, there are also two choices ofq. Therefore, totally there are 2
2
SEGs from the first subtable of Table III . However, one may wonder what is the parent gauge theory (GT) for each choice. This line of thinking is the goal of Step-5 in Sec. II C. Interestingly, both choices of q mathematically belong to the sequence "0 mod 4". In other words, 0 mod 8 and 4 mod 8, both of which belong to the sequence 0 mod 4 and thus are indistinguishable before imposing symmetry, become distinguishable after symmetry is imposed. This is nothing but a consequence of symmetry enrichment.
Meanwhile, both choices do not match the sequence "2 mod 4" at all, which is indicated by the mark "N/A" in the table. Similar analysis can be applied to a 2 a 1 da 1 . This phenomenon tells us that, Z 2 × Z 2 GT labeled by (q,q) = (2 mod 4, 2 mod 4) cannot generate SEG descendants if symmetry is assigned to either the first layer (the first subtable of Table III) or the second layer (the second subtable of Table III ). Both layers are of type-I in Fig. 2 . One may wonder what will happen if we still enforce G s on this twisted GT in such kinds of symmetry assignment. Can the gauge group and symmetry group be compatible with each other simultaneously? To answer these questions, recalling the general procedure shown in Sec. II C, there are several conditions (symmetry requirement and gauge invariance) listed in Step-4 that determine SEG(G g , G s ). Therefore, if there is a SEG replacing the mark "N/A", it either breaks symmetry or preserves symmetry but violates gauge invariance principle. The latter case is an anomalous SEG and possibly realizable on the boundary of some (4+1)D system.
In the third subtable of Table III , symmetry is assigned to the third layer, i.e., the type-II layer in Fig. 2 . It is clear that there are 8 linearly independent topological interaction terms that can be applied [83] . In this symmetry assignment, each topological interaction term has two choices of its coefficient: either 0 mod 4 or 2 mod 4 (for a 1 a 2 da 3 and a 2 a 3 da 1 , the result can be obtained from the In this part, we discuss the gauge theory Z 2 × Z 2 enriched by the continuous symmetry U(1). The result can be obtained by following the general calculation in Appendix A 3, A 4, and A 5. Similar to the case of SEG(Z 2 × Z 2 , Z 2 ), we consider 3 ways to assign the symmetry, as shown in Table IV . Considering the first symmetry assignment (U(1) is assigned at the first layer), we find that there is only one SEG(Z 2 × Z 2 , U(1)) for both interaction terms with q =q = 0. In other words, this SEG is a descendant of the untwisted Z 2 × Z 2 GT with q =q = 0, while all other three twisted GTs do not have SEG descendants in this symmetry assignment. Similarly, for the second symmetry assignment, there is also only one SEG and it is also a descendant of the untwisted GT.
However, there is one subtle feature that is absent for discrete symmetry group. q =q = 0 means that q andq are absolutly zero with no periodicity (or periodicity=0 formally) after symmetry is imposed. We note that periodicity is always nonzero in all previous examples with discrete symmetry group. It means that if we start with an untwisted GT but with q = 4, the resulting gauge theory after imposing U(1) symmetry either breaks symmetry or violates gauge invariance principle. For the latter case, the theory can be regarded as an anomalous SEG which is possibly realizable on the boundary of certain (4+1)D systems. Now we consider the third symmetry assignment (the last row in Table IV are considered (other topological interaction terms vanish), they can be simply regarded as the stacking of a twisted Z 2 × Z 2 gauge theory and a direct product state with U(1) symmetry. For SEGs with at least a 1 a 2 da 3 topological interaction term, they are more interesting ones since they induce the nontrivial couplings between type-I layers and type-II layers as shown in Fig. 2 .
IV. PROBING SET ORDERS
In Sec. III, we have constructed anomaly-free SEGs in a few concrete examples. In this section, we probe SET orders possessed by the ground states of SEGs. Then, the map from SEGs to SETs in Fig. 1 is achieved. In order to identify SET order in a given SEG, one should know the topological orders and symmetry-enriched properties.
Given a gauge group G g , the total number of topological orders is generically smaller than that of GTs that are classified by H 4 (G g , U (1)). Intuitively, the labelings of gauge fluxes / gauge charges probably have redundancy from the aspect of topological orders. For example, if G g = Z 2 × Z 2 , there are four GTs. However, at least TABLE IV. SEG(Z2 × Z2, U(1)) When the symmetry is assigned at the first and second layer, there is only one SEG:(q,q)=(0,0). The notation N/A denotes that there is no SEG descendant for the specific symmetry assignment. 0 means that q orq exactly takes zero. For the sake of simplicity, in this section, we will only consider G g = Z N such that both GT and topological order are unique. In these cases, we find that: (i) quasiparticles that carry unit gauge charge of the gauge group G g may carry fractionalized symmetry charge of the symmetry group G s , which is classified by the second group cohomology with G g coefficient:
Symmetry assignment

U(1)
there is an interesting mixed version of three-loop braiding statistics among symmetry fluxes and gauge fluxes. Both features are gauge-invariant and topological, which can be detected in experiments.
A. SET orders in SEG(Z2, ZK ) with K ∈ Zeven
In this part, we probe SET orders with Z 2 gauge group and Z 2 symmetry group in the five SEGs listed in Table I  and Table II . General even K is straightforward. When the gauge group G g only includes one Z N subgroup, e.g., G g = Z 2 , there is only one GT, i.e., the untwisted one. The topological order of the GT is dubbed "Z N topological order", characterized by the charge-loop braiding statistics data, i.e., the e i2π/N phase accumulated by a unit gauge charge moving around a unit gauge flux. For N = 2, the phase is just e iπ = −1. Due to this simplification, in order to characterize SET orders in these five SEGs, the only remaining task is to diagnose the symmetry-enriched properties. From the following analysis, we obtain five distinct SET orders with Z 2 topological order and Z 2 global symmetry.
GT : Z 2 gauge theory
GT : Z 2 gauge theory Fig. 1 . SEG(Z2, Z2) and SEG(Z2, Z3) are shown in (a) and (b), respectively. SEG1 in (a) can be found in Table I . SEG2,··· ,5 in (a) can be found in Table II . SEG1 in (b) can be found in Table I by setting K = 3. SEG2 in (b) can be found in the first subtable of Table II by setting K = 3.
FIG. 3. (Color online) Two concrete examples of webs of gauge theories shown in
1.
SEG(Z2, ZK ) with K ∈ Zeven in Table I For the SEG in Table I , we may consider the following action in the presence of excitation terms (K = 2 as an example):
where the 2-form tensor Σ represents the unit loop excitation current (world-sheet) of the Z 2 gauge theory. The 1-form vector j represents the unit gauge particle current (world-line) of the Z 2 gauge theory. Since only one layer is considered in this case, the superscripts of b 1 , a 1 are removed. The background gauge field A is constrained by Eq. (7) with K 1 = 2. Next, integrating out b field leads to: is a formal notation defined as the operator inverse of d, whose exact form can be understood in momentum space by Fourier transformations. The first term of this effective action encodes the symmetry-enriched properties of the SEG. It indicates that the unit gauge charge carries 1/2 symmetry charge of symmetry group G s = Z 2 , which corresponds to the second group cohomology classification
In summary, for the SEG given by Table I , the Z 2 gauge charged bosons carry half quantized Z 2 symmetry charge. This is the first SET order we identify. Table II For Table II , we first consider the q-topological interaction term. The action in the presence of A is given by (K = 2 as an example):
SEG(Z2, ZK ) with K ∈ Zeven in
where Σ 1 and {j I } are loop excitation currents and particle excitation currents of the Ith layer respectively. Σ 2 is not considered for the reason that the second layer is trivial and Σ 2 carries 0 mod 2π fluxes which are not detectable. One may first integrate out {b I }, which enforces that the path-integral configurations of {a I } are completely fixed by excitations and the background gauge field:
Here, the symbol d −1 has been defined in Sec. IV A 1. The new 2-form variable σ is defined through: σ = * 2 2π dA which represents the number density / current of the π-symmetry twist induced by the background gauge field. Plugging the expressions of {a I } into {j I }-dependent terms in Eq. (39), we obtain the following effective action terms:
, where the first Hopf term indicates that the first layer has a Z 2 topological order. The second term indicates that the quasiparticles in the second layer carry integer symmetry charge. In other words, there doesn't exist symmetry fractionalization.
Despite that, we will show that there is interesting mixed three-loop statistics among symmetry fluxes (σ) and gauge fluxes (Σ 1 ). For this purpose, plugging the expressions of {a I } into the q-dependent term in Eq. (39), we obtain:
which is the topological invariant that characterizes the mixed three-loop statistics among symmetry fluxes and gauge fluxes and provides important symmetry-enriched properties of SEGs. This mixed version of three-loop statistics enriches our previous understandings on three-loop statistics among gauge fluxes [26] [27] [28] [29] [30] . Pictorially, the topological invariant corresponds to the three-loop process shown in Fig. 4(a) where the gauge flux Σ 1 is a base loop (a term coined by Wang and Levin [26] ). The entire process leads to Berry phase (denoted by θ σ,σ;Σ 1 ): θ σ,σ;Σ 1 = 2 × qπ 4 = π , where q = 2 is used and the factor of 2 is due to the fact that the full braiding process accumulates two times of half-braiding (exchange between σ and σ in the presence of the base loop Σ 1 ). If the base loop is provided by σ instead, the topological invariant gives rise to the full braiding of another σ around a Σ 1 as shown in Fig. 4(b) , and the associated Berry phase is given by: θ σ,Σ 1 ;σ = qπ 4 = π 2 mod π , where π phase ambiguity arises from the possibility that Z 2 gauge charge may be attached to σ such that there is π phase contribution from the Aharonov-Bohm phase from the topological invariant
Likewise, theq term can also be written in terms of the topological invariant: −iq
. Pictorially, the topological invariant corresponds to the three-loop process shown in Fig. 4(c) where the symmetry flux σ is a base loop. The entire process leads to Berry phase (denoted by θ Σ 1 ,Σ 1 ;σ ): θ Σ 1 ,Σ 1 ;σ = 2×q π 4 = π , whereq = 2 is used for the SEG labeled by (0, 2) in Table II Table II , they support four different SET orders. All point-particles are either symmetry-neutral or carry integer Z 2 symmetry charge. In other words, symmetry is not fractionalized and charge-loop braiding data is always trivial. However, they can be experimentally distinguished by the mixed three-loop braiding process. In total, we obtain five distinct SET orders with Z 2 topological order and Z 2 global symmetry. Likewise, for generic even K, there are also five SET orders.
B. SET orders in SEG(Z2, ZK ) with K ∈ Z odd
We consider K = 3 as an example. General odd K is straightforward. In this case, there are two distinct SEGs that are collected in Table I (K = 3 ) and the first subtable of Table II (K = 3) respectively. For the first SEG, the discussion is similar to that of K = 2 in Table I. We start with the action (38) and the background gauge field A is now constrained by Eq. (7) with K 1 = 3. Integrating out b, a leads to −i 1 2´A ∧ * j + iπ´j ∧ d −1 Σ where the first term indicates that the bosons (denoted by "e") that carry unit Z 2 gauge charge also carry 1/2 symmetry charge of Z 3 group. However, there is no projective representation (with Z 2 coefficient) for Z 3 symmetry group indicated by the trivial second group cohomology: H 2 (Z 3 , Z 2 ) = Z 1 (see Appendix C), which means that this half-quantized symmetry charge cannot be detected by symmetry fluxes. The physical effect of this half-quantized symmetry charge is completely identical to that of −1 symmetry charge.
More physically, let us perform an Aharonov-Bohm experiment by inserting symmetry fluxes (a loop) with flux Φ A = 0, However, during this process, it is possible that a gauge flux (Φ g = 0, π) is dynamically excited and eventually attached to the symmetry flux. As a result, an additional Berry phase is accumulated: e iΦg , leading to the Berry phase e . It is clear that these observed data can be exactly obtained by considering the boson that carry unit gauge charge and −1 non-fractionalized symmetry charge whose Berry phase is given by e −iΦ A +iΦg . In other words, the half-quantized symmetry charge can not be distinguished from −1 symmetry charge. Therefore, for SEG in Table I (K = 3) , there is no symmetry fractionalization.
For the second SEG (the first subtable of Table II with K = 3), since there doesn't exist nontrivial topological interactions between the two layers, this SEG is nothing but a simple stacking of a Z 2 gauge theory and a direct product state with Z 3 symmetry. By definition, it is still a SEG but it doesn't have interesting symmetry-enriched properties.
In summary, both SEGs support the same SET order as shown schematically in Fig. 3(b) . In this SET order, the topological order is Z 2 -type. However, the Z 3 symmetry always trivially acts on the topological order due to the absence of both symmetry fractionalization and mixed three-loop braiding statistics. In other words, there is no interesting interplay beween Z 2 topological order and Z 3 symmetry. Likewise, for generic odd K, there is also only one SET order.
V. PROMOTING SEG TO GT * , BASIS TRANSFORMATIONS, AND THE WEB OF GAUGE THEORIES
In the above discussions, we obtained many SEGs, where the background gauge fields {A I } are treated as non-dynamical fields. A caveat is that basis transformations that mix {A I } and dynamical variables {a I } are strictly prohibited. However, one may further give full dynamics to the background gauge fields {A I }, which leads to the mapping from SEGs to GT * as shown in Fig. 1 . In other words, the symmetry twist now becomes dynamical [75] . As a result, arbitrary basis transformations now can be applied. It is legitimate to mix gauge fluxes and symmetry fluxes together to form a flux of a new gauge variable.
A. SEG(Z2, Z2)
Let us consider SEG(Z 2 , Z 2 ) in Table I with K = 2. The associated dynamical gauge theory of b, a, A, B (here, b = b 1 ,a = a 1 for this single layer case) can be written as:
where the two-form gauge field B is introduced to relax the holonomy of A to U(1)-valued in the path integral measure. According to Eq. (2), one can apply the following two unimodular matrices to send the above theory to its canonical form:
which directly indicates that the resulting new gauge theory GT * after giving full dynamics to the background gauge field is Z 4 gauge theory (Fig. 3) .
Likewise, for Table II , the level matrix of the BF term is given by:
in the basis of (b 1 , b 2 , B) and (a 1 , a 2 , A). It can be diagonalized by using the following two unimodular matrices:
As a result, the new 1-form gauge variables are given by the vector (ã 1 ,ã 2 ,Ã) T where,
From the canonical form (45), it is clear that the resulting theory after giving full dynamics to the background gauge field is Z 2 × Z 2 gauge theory. But we should also examine how topological interaction terms transform. Since the second layer in the new basis is a trivial layer (level-1), we may neglect all topological interaction terms that includeã 2 . Keeping this in mind, After the basis transformations, the topological interaction terms´i
Therefore, we reach the following conclusions. The resulting theory starting from SEG labeled by (0, 0) in Table II is "untwisted" Z 2 ×Z 2 gauge theory. The remaining SEGs lead to twisted Z 2 × Z 2 gauge theory after giving dynamics to the background gauge field (Fig. 3) , which is also derived in [69] from a different point of view.
B. SEG(Z2, Z3)
For SEGs in Table I , GT * is always Z 2K gauge theory which are "untwisted". For SEGs in Table II , for even K, GT * s are Z 2 × Z K gauge theories which have one
A skeleton of the web of gauge theories for SEG(Z2 × Z2, Z2).
untwisted version and three twisted versions, in a similar manner to K = 2 discussed above. But for odd K, the resulting theory GT * is still Z 2K gauge theory since the two groups are isomorphic:
For example, for K = 3:
Therefore, for odd K, the resulting gauge theory is the same as that in Table I . In other words, after giving full dynamics to the background gauge field A, there is only one output: a Z 2K gauge theory (Fig. 3) . From this simple case, we see there is an interesting pattern of manyto-one correspondence between SEGs and GT * s.
, all SEGs are collected in Table III. Before imposing symmetry, there are already four distinct gauge theories. Therefore, the resulting web of gauge theories is much more complex. A rough skeleton is shown in Fig. 5 where the resulting GT * theories can be regrouped into two gauge groups G * g1 = Z 2 × Z 4 and G * g2 = Z 2 ×Z 2 ×Z 2 . The first gauge group arises from the first and second subtables of Table III while the second  gauge group arises from the third subtable of Table III. More concretely, let us consider the BF term of the first subtable after the background gauge field becomes fully dynamical:
where the two-form gauge field B is introduced to relax the holonomy of A to U(1)-valued in the path integral measure. According to Eq. (2), one can apply the following two unimodular matrices to send the above theory to its canonical form: 
which indicates that G * g1 = Z 2 × Z 4 . Likewise, we have the following matrix calculation for the second subtable:
and 
where the 4 × 4 matrix can be diagonalized through: 
As a result,
VI. SUMMARY AND OUTLOOK
In this paper, we have studied the symmetry enrichment through topological quantum field theory description of three-dimensional topological phases. All phases constructed in this paper can be viewed as 3D gapped quantum spin liquid candidates enriched by unbroken spin symmetry G s . Using the 5-step general procedure in Sec. II C, we have efficiently constructed symmetryenriched gauge theories (SEG) with gauge group
The relation between SEG and its parent gauge theory GT has been shown. We have also shown how to physically diagnose the ground state properties of SEGs by investigating charge-loop braidings (patterns of symmetry fractionalization) and mixed multi-loop braiding statistics. By means of these physical detections, one can obtain a set of SET orders which represent the phase structures of ground states of SEGs. It is generally possible that two SEGs may give rise to the same SET order. Finally, by providing full dynamics to the background gauge fields [75] , the resulting new gauge theories GT * s can be obtained and have been studied, all of which are summarized in a web of gauge theories (Fig. 1) . Throughout the paper, many concrete examples have been studied in details. From those examples, we have seen that the general procedure provided in this paper is doable and efficient for the practical purpose of understanding 3D SET physics.
We highlight some questions for future studies. (i) Lattice models of SEGs. Dijkgraaf-Witten models [73] and string-net models [84] have been well studied. It is interesting to impose global symmetry (e.g., on-site finite unitary group) on these models in 3D. Then, lattice models can be regarded as an ultra-violet definition of SEGs. Some progress on 2D SETs has been made in Ref. [44, 45] . (ii) Material search and the experimental fingerprint of the mixed three-loop braiding statistics. There are several possible experimental realizations of Z 2 spin liquids, such as the so-called Kitaev spin liquid state in the lattices in β-and γ-Li 2 IrO 3 [85] [86] [87] [88] [89] [90] [91] . By further considering the unbroken Z 2 Ising symmetry, the resulting ground state should exhibit SET orders. As we studied in the paper, the features of these SETs are patterns of symmetry fractionalization and mixed three-loop braiding statistics. It is thus of interest to theoretically propose an experimental fingerprint, especially, for the three-loop braiding statistics. (iii) Anomalous SEGs. In our construction, by anomaly, we mean that global symmetry and gauge invariance cannot be compatible with each other. If both are preserved, the resulting SEG is anomaly-free as what we have calculated. As mentioned in Sec. III B, the entries with "N/A" in Table III means that there do not exist SEG descendants for the twisted gauge theory (with both nonzero q andq) in the symmetry assignment (the first and second subtables) such that both global symmetry and gauge invariance are preserved simultaneously. In other words, either symmetry is broken or gauge invariance is violated. For the case in which symmetry is preserved but gauge invariance is violated, we conjecture it can be realized on the boundary of certain (4+1)D systems. More careful studies in the future along anomaly will be meaningful. (iv) GT * s originated from SEGs with U(1) symmetry. In Sec. III C and Appendix, some examples of SEGs with U(1) symmetry are studied. After U(1) symmetry group becomes a dynamical gauge group, the resulting theory GT * should admit a mixed phenomenon generated by mixture of discrete gauge group and U(1) gauge group. It will be interesting to study the properties of such a type of gauge theory and eventually build the web (i.e., Fig. 1 ) of gauge theories for these cases. (v) SEGs with Charles symmetry [70] . Charles symmetry, which was introduced in [70] , is a 3D analog of 2D anyonic (topological) symmetry. A simple example is Z 3 gauge theory where quasiparticle is permuted to its antiparticle while quasi-loop is permuted to its antiloop. And there is one species of defect-chargeloop composites. This is just one gauge theory by giving a gauge group and a Charles symmetry group. It will be interesting to investigate the possibility that there are more than one gauge theories enriched by Charles. port topological orders. An example is shown in a parton construction in [70] where topological order is given by untwisted Z2 × Z6 gauge group. Throughout the paper, only deconfined regime of gauge theories will be taken into consideration. In deconfined phases, the gauge fluxes and gauge particles naturally behave as emergent excitations of topological orders. The future studies of lattice models of SEGs will be interesting. Throughout the paper, we assume sufficiency holds but with the above caveat.
[75] Unless otherwise specified, throughout the paper, we try to avoid to use the terminology like "gauging", "fully gauging", "partially gauging", "weakly gauging", "orbifolding". In literatures, these terms are sometimes mixed with "symmetry twist" (i.e., response theory). By "giving full dynamics to..." in this paper, we really mean that, mathematically, a new path-integral measure 
where , ∈ Z, and, the Dirac quantization condition (4) and homotopy mapping condition (11) are applied. In order to be consistent with the Dirac quantization condition (3), the change amount must be integral, namely,q must be divisible by N 1 . Similarly,q is also divisible by N 2 due to:
where , ∈ Z. Hence,q = kN1N2 N12 , k ∈ Z. Below, we want to show that k has a periodicity N 123 (i.e., GCD of N 1 , N 2 , N 3 ) and therebyq is compactified:q ∼q + N123N1N2 N12
. Let us consider the following redundancy due to shift operations:
Again, in order to be consistent with Dirac quantization (3), the change amount of the integral 1 2π´M 3 db I should be integral, namely:
via equations of motion of b I . As a result, three constraints are achieved:
In deriving the result forK 3 , Bezout's lemma is applied. By using Bezout's lemma again, the minimal periodicity of k is given by GCD of N 12 and N 3 , which is N 123 . As a result, we obtain the conditions onq if symmetry is not taken into consideration.q
To impose the symmetry, we add the following coupling term in the action (A1):
The change amounts of the integral 1 2π´M 3 db I in Eqs. (A4, A5, A6, A7, A8) should not only be integral [in order to be consistent with the Dirac quantization condition (3)] but also be multiple of K i such that the coupling term (A14) is gauge invariant modular 2π. More quantitatively, with symmetry taken into account, from Eqs. (A4, A5), we may obtain the quantization ofq:q = kN1N2K1K2 GCD(N1K1,N2K2) with k ∈ Z such that the change amounts are multiple of K i . Then, with these new quantized values, the shift operations (A6, A7, A8) are changed to:
After the integration over M 3 , the change amounts should be quantized at K 1 in Eq. (A15), K 2 in Eq. (A16), and K 3 in Eq. (A17). We may apply the Dirac quantization condition (4) and the quantized Wilson loop N I K I 2π´M 1 a I ∈ Z that is obtained via equations of motion of b I in the presence of A I background. As a result, three necessary and sufficient constraints are achieved:K 1 GCD(N1K1,N2K2) ∈ Z,K 2 GCD(N1K1,N2K2) ∈ Z,K 3 N3K3 ∈ Z. By using Bezout's lemma, the minimal periodicity of k is given by GCD of GCD(N 1 K 1 , N 2 K 2 ), GCD(N 1 K 1 , N 2 K 2 ), and N 3 K 3 , which is GCD(N 1 K 1 , N 2 K 2 , N 3 K 3 ). As a result, once symmetry is imposed,q is changed from Eq. (A13) to:
, with k ∈ Z GCD(N1K1,N2K2,N3K3) (A18) which gives GCD( N 2 , N 3 ) , the allowed values ofq are enriched by symmetry.
3. Gg = ZN 1 × ZN 2 × ZN 3 with Gs = ZK 1 × ZK 2 × U(1)
In this part, we consider U (1) symmetry. We consider the following symmetry assignment and add it in the action (A1):
where the U(1) Wilson loopˆS
meaning that the U(1) Wilson loop can be any real value. Under the gauge transformation (A3), the change amounts of the integral 1 2π´M 3 db I in Eqs. (A4, A5) should be multiple of K 1 or K 2 such that the coupling terms (A19) is gauge invariant modular 2π. More quantitatively, with symmetry taken into account, from Eqs. (A4, A5), we may obtain the quantization ofq:q = kN1N2K1K2 GCD(N1K1,N2K2) with k ∈ Z such that the change amounts are multiple of K i . To remove the redundancy in the possible value ofq, we do the shift operations as that from (A15) to (A17). Similarly to the case above, after the integration over M 3 , the change amounts should be quantized at K 1 in Eq. (A15), K 2 in Eq. (A16), and zero in Eq. (A17) due to the fact that the U(1) Wilson loop can be any real value. As a result, three necessary and sufficient constraints are achieved:K 1 GCD(N1K1,N2K2) ∈ Z,K 2 GCD(N1K1,N2K2) ∈ Z,K 3 = 0. By using Bezout's lemma, the minimal period of k is GCD (N 1 K 1 , N 2 K 2 ) , i.e.
which gives GCD(N 1 K 1 , N 2 K 2 ) SEGs.
4. Gg = ZN 1 × ZN 2 with Gs = ZK × U(1)-(I)
Here we consider the symmetry assignment and add it in the action (8):
which indicates that the first layer carries the discrete symmetry Z K while the second layer carries U(1). To determine the possible values of q in the presence of this global symmetry, We observe that the change amounts of the integral 1 2π´M 3 db 1 in Eq. (12) should be multiple of K such that the first coupling term in Eq. (A22) is gauge invariant modular 2π. But the key observation is that the U(1) Wilson loop (A20) is any real value, therefore, to keep the second coupling term in Eq. (A22) gauge invariant, the change amount 1 2π´M 3 db 2 in Eq. (13) should be strictly zero, which would be only the case that q = 0. Similarly,q = 0. Therefore, SEG only happens when q =q = 0. In this part, we consider the whole symmetry group G s at the same layer and add the following part in the action (8) where we first setq = 0:
Similar to the case that the symmetry subgroup are assigned at different layers, in order to keep to the second term in (A23) gauge invariant, the change amount of the integral TABLE S5. SEG(Z2 × Z4, Z2).
Symmetry assignment
In this part, we consider SEGs whose symmetry group contains more than one cyclic subgroup. In this case, a lot of new ways of symmetry assignment exist. Specifically, we consider a relatively simple example: Z 2 gauge theory with Z 2 × Z 2 symmetry. In order to differentiate the two subgroups from each other, we introduce superscripts:
In Table S6 , the two symmetry subgroups are assigned to the first and second layer, respectively. Before imposing symmetry, the coefficients q,q can only take value 0 mod 2, so all topological interaction terms identically vanish. This is exactly the fact that there is only one Z 2 gauge theory. After imposing symmetry, however, the periods of both q,q are enlarged from 2 to 8. Within one period, they can take either 0 or 4, resulting in 2 2 different SEGs. Another 2 2 SEGs can be obtained by simply exchanging the subscripts a, b. In Table S7 , we assign the two symmetry subgroups at the second and third layer, both of which are trivial layers. In this case, as there are three layers, we need to consider 8 different topological interactions as collected in the table. As explained also in the main text, there are only two linearly independent three-layer topological interaction terms since a 3 a 1 da 2 is a 1 a 2 da 3 + a 2 a 3 da 1 up to a total derivative. Again, before imposing symmetry, coefficients of any kinds of topological terms identically vanish. After symmetry is considered, it turns out that these 8 topological interactions generate 2 8 different SEGs. In addition, in Table S8 , two ways to assign the two symmetry subgroups in TABLE S7 . SEG (Z2, Z2 × Z2) The superscripts a and b are added to distinguish the two Z2 subgroups. The gauge group is carried by the first layer, while the two symmetry subgroups by the second and third layers respectively.
If we chose Ω 1 (P 2 ) = σ, Ω 1 (P ) = η, then we obtain a new 2-cocyle ω 2 (g 1 , g 2 ) = ω 2 (g 1 , g 2 )Ω 2 (g 1 , g 2 ) = 1 for all g 1 , g 2 ∈ Z 3 . Thus we have shown that these 2-cocyles are trivial, namely,
